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Abstract 
Let n,(k, d) be the smallest integer n for which there exists a linear code of length n, dimension 
k and minimum distance d, over the q-element field. In this paper we prove the nonexistence 
of quaternary linear codes with parameters [190,5,141], [239,5,178], [275,5,205], [288,5,215], 
[291,5,217] and [488,5,365]. This gives an improved lower bound of n4(5,d) for d = 141,142 
and determines the exact value of n4(5,d) for d = 178, 205, 206, 215, 217, 218, 365, 366, 
367, 368. The updated table of ~(5, d) is also given. @ 1999 Elsevier Science B.V. All rights 
reserved 
Keywords: Quaternary linear codes; Minimum length bounds; Minihypers 
1. Introduction 
Let ‘i denote the vector space of n-tuples over the q-element field [F,. A q-ary linear 
code W of length n and dimension k, or an [n, klq code, is a k-dimensional subspace 
of [F;. The Hamming distance d(x,y) between the vectors x,y E Ei is the number of 
nonzero coordinate positions in x - y. Now the minimum distance of a linear code 
V is defined by d(V) = min{d(x,y)lx,y E V,x # y}. A q-ary linear code of length 
n, dimension k and minimum distance d is referred to as an [n, k,d], code. A k x n 
matrix having as rows the vectors of a basis of V is called a generator matrix of V. A 
major problem in coding theory is to optimize one of the parameters of a linear code 
for given values of the other two. One version of this problem is the following: 
Problem. Find the minimum length n,(k,d) of a q-ary linear code of dimension k and 
minimum distance d. 
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There exists a natural upper bound on n,(k, d), the so-called Griesmer bound [5,18] 
Codes attaining the Griesmer bound are called Griesmer codes. 
For given q and k Griesmer codes exist for all sufficiently large values of d [l I]. 
The values of n,(k,d) are determined for all d only for some small values of q and k. 
For quaternary codes, nd(k,d) is known for k d 4 for all d. As for the case k = 5, the 
value of nd(5,d) is unknown for many integer d although Griesmer codes exist for all 
d > 369. 
The purpose of this paper is to prove the nonexistence of linear codes with 
parameters [190,5,141]4, [239,5,178]4, [275,5,205]4, [288,5,215]4, [291,5,217]4 and 
[488,5,365]4, using the classification of some quaternary linear codes with a well- 
known geometric method. This gives the following theorem. 
Theorem 1.1. (a) n4(5,141 + i) 2 191 + i for i = 0,l. (b) ~(5,178) = 240. 
(c) ~(5,205 + i) = 276 + i for i = 0,l. (d) n4(5,215) = 289. 
(e) n4(5,217+i) = 292+ifor i = 0,l. (f) n4(5,365+i) = 489+ifor i = 0,1,2,3. 
A table of lower and upper bounds for n4(5,d), 1 d d d 256, was firstly given by 
Hamada [S]. After Hamada’s table some papers are devoted to improvements on the 
bounds for nd(5,d) (e.g. [1,2,9,17]). We summarize them as an updated table of 
nd(5,d) for 1 d d d 368 in the Appendix. 
2. Preliminary results 
It is well-known that the existence of a linear [n, k, d14 code %‘, having no coordinate 
which is identically zero, is equivalent to that of a multiset of points (denoted also by 
‘Z) in PG(k - 1,q) with the properties 
(a) each hyperplane in PG(k - 1, q) meets V in at most n - d points; 
(b) there is a hyperplane with exactly n - d points from %‘. 
To see this, one has to consider the columns of any generator matrix of %’ as homoge- 
neous coordinates of points in PG(k - 1, q). In this paper we consider linear codes from 
this geometric point of view only. Closely related to [n, k, d& codes are the so-called 
minihypers [7]. An {f, m; k - l,q}-minihyper is a multiset of f points in PG(k - 1, q) 
such that 
(c) each hyperplane in PG(k - 1,q) meets 9 in at least m points; 
(d) there is a hyperplane with exactly m points from F. 
A survey of recent results about minihypers is contained in [7]. 
Let %? be an [n, k, d& code. Given a flat 6 in PG(k - l,q), we define %?6 as the 
restriction of %? to 6, or %?d = {P E %?[P E 6). Furthermore yi(%‘) = maxd ]%?d/, where 
6 runs over all i-dimensional flats in PG(k - 1, q). In particular yo(%‘) is the maximum 
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multiplicity of a point from PG(k - 1, q) in V. If the code is clear from the context 
we write simply yi. If yo(%‘) = 1 the code %9 is called projective. Note that we have 
always ~k-1 = n and ~~-2 = 12 - d. Recall that an i-dimensional flat in PG(k - 1,q) 
contains 19~ = (q’+’ - 1 )/(q - 1) points. The following lemma is from [ 151. 
Lemma 2.1. Let Q? be an [n, k,d], code. 
(a) Let Ii’ be an (s - 1)-&t in PG(k - l,q), 2 <s < k, with (Vnl = w. For any 
(s - 2)-flat 6 contained in II, we have 
In particular, 
12 - ys-I 
?lk-2 < yk-1 - ek-_S- 
(b) Let 61 and 62 be t-jats in PG(k - 1, q), 1 < t < k - 2. Then 
I%& I + I~&I 2 Yt+1 - (4 - l)Y, + qlV6,“6* I.
Given an [n, k, d14 code w, denote by qi the number of hyperplanes in PG(k - 1, q) 
containing exactly i points from V, i = 0, 1, . . . , n, and by li the number of points 
from PG(k - 1, q) having multiplicity i in V, i = 0, 1,. . . , yo(G9). We call the ordered 
(n + l)-tuple (uo,uI,..., a,) the spectrum of %. In a similar way, we can define the 
spectrum of a minihyper. Simple counting arguments yield the following identities: 
n-d 
c a, = @k-l, (2.1) 
i=o 
n-d 
c ia, = n6k_2, 
i=l 
E i(i - 1)ai = n(n - 1)&_3 + (ok-2 - ok_3) 2 (i) iii. 
i=2 i=2 
(2.2) 
(2.3) 
Let 6 be an i-flat in PG(k - l,q), with ]%?a] = t. Let further z be a j-flat in 
PG(k - 1,q) with i + j = k - 2 and 6 n T-C = 8. We define the projection ~6,~ from 6 
onto rc by 
(P&n : C PG(k- l,q)\6 -+ x Q H zr- k‘%QL (2.4) 
where (6, Q) is the (i+ 1 )-flat generated by 6 and Q. Let us note that (~6,~ maps (i+s)- 
flats containing 6 into (s - 1)-flats in rr. Given a set of points 9 c n define ~(5) = 
]{R E %? ( q(R) E y}i. If 9 is a k/-dimensional flat in 7c then p(p) f Yk’+i+i - t. 
Let I be a line in 71 incident with the points Pa, PI,. . . , P4. We call the (q + l)-tuple 
(APO ), APl)>~ . . > p(Pq)) the type of 1. 
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In what follows, we consider linear codes over [Fd of dimension at most 5. Through- 
out the paper we call the 0-, l-, 2- and 3-dimensional flats points, lines, planes and 
solids, respectively. An i-point is a point of multiplicity i in %‘. Similarly, i-lines 
(i-planes, i-solids) are lines (planes, solids) containing i points from %? (multiplicities 
counted). 
A (K, v)-arc in PG(2,q) is a set Y of K points in PG(2,q) such that some v but no 
v + 1 points of 9’ are collinear. The maximum value of K for which a (K, v)-arc exists 
in PG(2,q) is denoted by m,(2,q). It is well-known that m~(2,q) = q + 2 for q even; 
(q + 2,2)-arcs in PG(2, q) are called hyperovals. The following results are well-known 
(see e.g. [13]). 
Theorem 2.2. (a) Let 0 be a hyperoval. Then every line in PG(2,q) intersects 0 in 
0 or 2 points. 
(b) m3(2,4) = 9. There exist three nonequivalent (9,3)-arcs in PG(2,4). 
A (JC, v)-cap in PG(k,q), k > 2, is a set of K points some v, but no v + 1 of which 
are collinear. 
Theorem 2.3. ( 1) The maximum possible size of a (tc, 2)-cap in PG(3,4) is 17. There 
is exactly one (up to equivalence) (17,2)-cap and it intersects each plane of PG(3,4) 
in 1 or 5 points. 
(2) [14] Every (tc,2)-cap in PG(3,4) with u = 15 or 16 is incomplete. There is 
exactly one complete (14,2)-cap; it intersects each plane in an even number of points. 
3. The classification of some codes over TF4 
Theorem 3.1. [6] (a) Every (2q + 2,2; t,q}-minihyper, t 2 3, is the union of two 
disjoint lines. 
(b) Every (2q + 3,2; t,q}- minihyper, where t > 3, q > 4, is reducible, i.e. it is the 
union of two disjoint lines plus one additional point. 
Corollary 3.2. (a) There exists exactly one (up to equivalence) { 10,2; 3,4}-minihyper 
and, equivalently, exactly one [75,4,56]4 code, with spectrum aIs = 10, a19 = 75. 
(b) There exists one (up to equivalence) {11,2; 3,4}-minihyper and, equivalently, 
one [74,4,55]4 code with spectrum aI4 = 2,a15 = &al8 = 19,a19 = 56. 
Proof. (a) Straightforward. 
(b) Without loss of generality we can take the disjoint lines 1, and 12 to be given 
by xi = x2 = 0 and x3 = x4 = 0, respectively. It is easily checked that the group of 
all collineations fixing 11 and 12 (setwise) acts transitively on the remaining 75 points 
from PG(3,4). 0 
Theorem 3.3. A {12,2; 3,4}-minihyper is either 
(a) the complement of a (9,3)-arc in a plane within PG(3,4), or else 
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(b) a reducible minihyper. 
In particular there exist (up to equivalence) three nonreducible { 12,2; 3,4}-minihypers 
and three reducible minihypers. 
Proof. Let F be a {12,2; 3,4}-minihyper. Note that %? = PG(3,4)\9 gives a 
[73.4,54]4 code. If 9 consists of two disjoint O-lines and two O-points, say P and 
Q, then we have three possibilities according to the number of O-lines meeting the line 
(P, Q). Denote by A4 the maximum possible number of points of B on a plane and 
let 7~0 be such a plane with A4 points of B. Since there is no [12,4,8]4 code, we get 
5 < A4 < 12. 
(a) Let A4 = 12. This means that all points of p are incident with one plane ~0. 
Each line in rco must intersect 9 in at least 2 points, i.e. xa \ F is a (9,3)-arc. It is 
well-known that there are three nonequivalent (9,3)-arcs in PG(2,4). Therefore, there 
are three nonequivalent { 12,2; 3,4}-minihypers with A4 = 12 (Theorem 2.2(b)). 
(b) Let 9 d M d 11. Then VT, has more than 9 points, which implies that there is 
a line with four points from VXo by Theorem 2.2(b). In other words ~0 has a line 1 
with zero or one point from B. Consider the remaining four planes through 1. Since 
each one of them meets p in at least 2 points, 9 has at least M + 4 > 13 points, a 
contradiction. Therefore there are no { 12,2; 3,4}-minihypers with 9 < A4 < 11. 
Let rr be a plane with w points of 9, 5 < w < 8. Then every line on 71 meets 
p. Otherwise, there is a line 10 in n with no point of p and counting the number 
of points on the planes through la we get at least 5 + 4 . 2 = 13 points of 8, a 
contradiction. Now if A4 = 5 or 6, then p,,, the restriction of 9 to ~0, contains a 
line and considering the planes through the line we have at most 6 + 1 .5 = 11 points 
of 9, a contradiction. Therefore, it suffices to consider the cases A4 = 7 and M = 8. 
Let M = 7. Suppose FnO is a Baer subplane. Let further I c 7ta be a line with three 
points from 9 and denote by ni,i = 1,2,3,4, the other four planes through 1. For at 
least one of them, say rci, we have IFn, / b 5 and, therefore, ]8,, 1 = 7 (for 8,, must 
contain a line if /8,, 1 = 5 or 6). Then 8,, is a Baer subplane or a complete line 
plus two additional points. Let P E F f’ 1. Let further ml, m2 be the two unisecants 
of 9x0 at P in rco and let m be a unisecant of F-n, at P in rcl. Since there is only 
one point of 9, which lies outside rca U 7~1, at least one of the planes (m, ml), (m,mz) 
meets Y in one point, a contradiction. 
Let 9,, consist of a line 1 plus two further points, say P, Q off 1. Let rci be a plane 
containing at least three points of g \ ~0. Then rci does not contain 1 (since A4 = 7) 
and we have lFbnonn, I 2 2, otherwise we get at least 3 + 1 . 3 + 7 = 13 points of 8, 
a contradiction. Hence IF-n, 1 2 5 and F-n, also contains a line, say m. If 1 and m 
have a common point, we get a contradiction to M = 7. Otherwise, we get a reducible 
minihyper (it can be obviously reduced to a { 10,2; 3,4}-minihyper by removing the 
two points off the 5-lines). 
The case M = 8 is considered similarly. 0 
Corollary 3.4. There exist six nonequivalent [73,4,54]4 codes with respective spectra 
(a) aI3 = l,ala = 2,a15 = 7,a17 = 4,a18 = 30,alg = 41; 
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(b)a~3=2,a,~=8,a,~=3,a~s=32,u,~=40; 
(c) aI4 = 4,u15 = 6,u,, = &al8 = 28,~ = 42; 
(d) a9 = 1,u,6 = 12,~ = 36,~~~ = 36; 
(e) a9 = l,uih = 8,ui7 = 12,uls = 24,u,9 = 40; 
(f) a9 = l,ul, = 36,q9 = 48. 
Lemma 3.5. Let V be a [70,4,52]4 code. Then we have either 
(a) ~14 = 15,urs = 70,ai = 0 for i # 14,18, or else 
(b) a6 = l,uic = 24,uls = 60,ui = 0 for i # 6,16,18. 
Proof. We have yo = 1, yi = 5, yz = 18. So, the set of O-points forms a { 15,3; 3,4}- 
minihyper. It was proved by Hamada and Helleseth [lo] that there exist (up to equiv- 
alence) three such minihypers: 
- the union of three skew lines (a); 
- a subgeometry PG(3,2) (a); 
- the points in a plane with a hyperoval deleted (b). Cl 
Lemma 3.6. (a) The spectrum of a [49,4,36]4 code is either al = l,u9 = 16, 
a13 = 68, or u5 = 3,u9 = 13,~~~ = 69. 
(b) Every [48,4,35]4 code %? can be extended to a [49,4, 3614 code. 
Proof. (a) By Lemma 2.1(a), we get that uz = u3 = u4 = u6 = u7 = ug = alo = all = 
~112 = 0. Moreover, we cannot have a O-plane since no four of the integers 1,5,9,13 
sum up to 48. Thus the only nonzero ai’s are eventually ul,u5,u9,u13. Solving the 
system (2.1)-(2.3) for the considered parameters, we obtain the result. 
(b) Lemma 2.1 implies that ai = 0 for i = 2,3,7,10,11. It suffices to prove that 
a6 = 0. Then (b) follows from a result proved independently by Hill and Lizak [12] and 
van Eupen [3]. Assume &j > 0. Let z be a 6-plane and assume there exist two further 
planes, say 61 and 62, with at most 6 points of %‘. Obviously, the lines II = rc fl dl, 
12 = rr n SZ, 13 = 61 n 62 are different and are all O-lines. Consider a projection (pp,,, 
from the O-point P = n n 6, n 62 onto some plane B (9 P). Denote Qj = I, 
si = V(X), s2 = (p(6i), ss = (~(82). Obviously, ,u(Q~) = 0 and si is of type (2,2,2,0,0). 
For all lines s # si,s~,ss in CT we have ,u(s) = 12 or 13 (counting). 
For every point X E si,X # Qi, Q2,Q 3, we have p(X) > 0 for if not the line 
(X, Y), where Y $Z sl U s2 U ~3, p(Y) < 3 has p((X, Y)) < 12). Similarly, for every 
point X # s1 U s2 U s3 in cr, p(X) = 3 or 4. 
Consider the set Y= {X(X #si Us2Us3,p(X) =3}U{YIY ~slUs~,p(Y)= l}. It 
can be checked that lYI = 6 and that no three or more points from 9 are collinear. 
Therefore, Y is an oval. Now p(t) is even for every line t in c. Therefore every plane 
through P has at most 12 points of g and %? can be extended to a [49,4,36]4 code, 
which contradicts (a). Hence there exist at most two planes with 6 or fewer points of 
%. From (2.1)<2.3) we get 
c( 13 - i)( 12 - i)aj = 348. (3.1) 
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For a line 1 in 7c consider the other planes rci, i = 1,2,3,4, through I and the quadruples 
(3.2) 
If 1 is a O-line and there is a plane with fewer than 7 points of V through 1 then 
the maximum contribution of (3.2) to the LHS of (3.1) is 72 and is obtained for 
the quadruple (13,13,12,4); if all planes through 1 have more than 7 points then the 
maximum contribution is 40 and is obtained from (13,13,8,8). If 1 is a 2-line then the 
quadruple does not contribute anything to the LHS of (3.1). Therefore, 
348 = x(13 - i)(12 - i)ai < 1 ‘42 + 1 .72 + 5.40 = 314, 
a contradiction, which shows that a6 = 0. ??
4. The nonexistence of [190,5, 14114 codes 
Lemma 4.1. Let V be a [190,5,141]4 code. 
(a) Zf 6 is a plane in the solid 17 then [%‘a ( 6 v. 
(b) For any two solids II, and Il2 we have IV”, I + /WD,[ 2 43 + 41%?n,nn21. 
(c)aj=Oforalli#14 ,..., 17,30,31,46 ,..., 49. 
(d) aI4 = a15 = aI6 = aI7 = 0. 
Proof. (a), (b) Straightforward from Lemma 2.1. 
(c) This follows from Lemma 2.1 and the fact 
only planes with 13, 9, 5 and 1 points of %?. 
(d) Let 6 be a 5-plane and consider the solids 
that a 49-solid in PG(4,4) contains 
through 6. Assume that every solid 
through 6 has at least 30 points from V. Denote by cj the number of the j-solids 
through 6. Obviously, Ccj = 5 and C jcj = 210, whence C(49 - j)cj = 35, 
j E {30,31,46 ,..., 49). It is an easy check that the last equation has no solution 
and, therefore, at least one of the solids through 6 has at most 17 points from %?. This 
implies in turn that one of the solids through 6 is a 49-solid with three 5-planes (one 
of them is 6). Each one of these 5-planes is incident with a solid having at most 17 
points of %, a contradiction to (b). This proves that no 5-plane exists in PG(4,4). In 
particular, aI4 = aI5 = a16 = aI7 = 0 and every 49-solid in %? is of the type with one 
l-plane and no 5-planes (cf. Lemma 3.6(a)). 0 
Theorem 4.2. There is no [190,5,141]4 code. 
Proof. Let no be a 49-solid and let 6 be a l-plane in no. Now if we take cj to be 
the same as in the proof of Lemma 4.1(d) we get x(49 - j)cj = 5 1, which has no 
solution for j E {30,31,46,47,48,49}. 0 
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5. The nonexistence of (239,5,178]4 codes 
Lemma 5.1. A [61,4,4514 code has ai = 0 for all i # 0,13,14,15,16 and a0 = 1. 
Proof. Let % be a [61,4,45]4 code. The first part follows by Lemma 2.1 and the fact 
that a 16-plane has twenty 4-lines and one O-line. Assume there is no O-plane. Fix a 
16-plane rco and count the points on the planes rri, i = 0,. . . ,4 through its O-line. We 
have 
61 = ~l@n;I > 16+4.13 = 68, 
a contradiction. 0 
Lemma 5.2. Let % be a [239,5,178]4 code. Then ai = 0 for all i # 0,47,48,49,55,59, 
60,61. Moreover, a0 = 1. 
Proof. For the fkst part we use Lemma 2.1. In order to prove a0 = 1, consider two 
61-solids intersecting in a 16-plane 6. Consider a projection from the O-line of 6 onto 
some plane disjoint with this line. The images Ii and 12 of the 61-solids are lines of 
type (16,0,*,*,* ). Now for the line m through the points X E 11 and Y E 12 with 
p(X) = p(Y) = 0 we must have p(m) = 0, which means that there exists a O-solid in 
PG(4,4). 0 
Theorem 5.3. There is no [239,5,178]4 code. 
Proof. Consider the code Q?’ formed by the 17 points off %? not incident with the O- 
solid. It is a [ 17,5, d’]d code with d’ = 9 or 10, with one O-solid and with at least 3 
points of ‘@ on each of other solids. (We have d’ < 10 because there is no [17,5,11]4 
code; on the other hand d’ > 9 for each solid different from the O-solid has at least 3 
points from U’.) 
If V’ is a [17,5,9&t code then there is a w-solid in PG(4,4) with w = 85 - 21- 8 = 
56, contradicting Lemma 5.2. Similarly, if V’ is a [17,5,10]4 code, there is a solid 
with 85 - 21 - 7 = 57 points of %?, again a contradiction. 0 
6. The nonexistence of [275,5,205]4 codes 
Let V be a [275,5,205]~ code. As before, let ai denote the number of i-solids in 
PG(4,4). By Lemma 2.1 we have yo = 1, yt = 5, y2 = 18, y3 = 70. 
Lemma 6.1. Let % be a [275,5,205]4 code. 
(a) If 6 is a plane contained in the solid Il we have l%?~l < v. 
(b) For any two solids III, ZI2 we have I’%‘n, 1+ I%n,I > 65 +41%‘n,nn,I. 
(c) ai = 0 for all i $ (59,. . . ,64,67,. . . ,70}. 
(d) Every 70-solid is of the type described in Lemma 3.5(a). 
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Proof. (a),(b) Straightforward. 
(c) Let 270 be a 70-solid in PG(4,4). Consider an i-solid ZI with i < 70. We 
have i > 19 since by Lemma 3.5 no n II is a 6-, 14-, 16- or 1%plane. Assume i = 
19+e,O < e 6 3. Then I%?61 d 6 for any plane 6 in n. Hence %Yn is a [19+e,4,d 2 
13 + e]4 code, which is known not to exist. Now assume i = 23 f e,O < e d 3. Then 
Iqal < 7 for any plane 6 in II. In case of equality, we consider the solids through 6 and 
get 275 < (69 - 7). 4 + i < 274, a contradiction. Hence qn is a [23 + e, 4, d > 17 + e]d 
code, which does not exist. Hence ai = 0 for 19 < i < 26. Similarly, we can prove 
that ai = 0 for i = 27,. . . ,58,65,66. 
(d) Let II be a 70-solid of the type described in Lemma 3.5(b). Considering 
the solids through the 6-plane in II, we get 275 2 (59 - 6) . 4 + 70 = 282, a 
contradiction. 0 
Theorem 6.2. There is no [275,5,205]4 code. 
Proof. By (2.1)-(2.3) we get 
55a59 +45a60+ 36%~ +2&m +2&3 + 15a64 +3(~6, +a68 = 1815. (6.1) 
Now fix a 70-solid no in PG(4,4) and let 6 be a plane in no. Denote by IZi,i = 
1,2,3,4, the other solids through 6. If 6 is a 14-plane the maximum contribution to the 
left-hand side of (6.1) is 83, obtained when (I%‘n, I,. . . , I%‘n, I) = (59,62,70,70); if 6 is 
a l&plane, the maximum contribution is 3. Hence (6.1) implies 1815 < 83.15+3.70 = 
1455, a contradiction, which proves the theorem. 0 
7. The nonexistence of [288,5,215]4 codes 
Lemma 7.1. Let % be a [288,5,215]4 code and let Il be a solid in PG(4,4) with 
60,61,62 or 63 points of V. Then Il contains a O-plane. 
Proof. By Lemma 2.1, a line in a 61-, 62-, or 63-solid has at most 4 points from %‘. 
Assume I is a 5-line in ZI, where I%‘nl = 60. All planes through 1 in 17 are 16-planes. 
Let 6 be one of them. Then it is contained in a 73-solid, which must be the complement 
of one of the three nomeducible { 12,2; 3,4}-minihypers. (cf. Theorem 3.3, Corollary 
3.4(d)(e)). But now 6 contains a O-line, which intersects 1 in a O-point. Since %? is 
projective, we get a contradiction. Hence every line in an i-solid contains at least one 
O-point for 60 < i < 63. 
Now assume that Il is an i-solid with 60 < i < 63 and that II does not have a 
O-plane. Then for any plane A in II, counting the number of O-points on the lines 
through a fixed l-point on A, we have 85 - ]%?nl = In\%‘] > (21- ]%?*I)+ 16. Hence 
each plane in Il has at least 12 points of V. Fix a 16-plane 6 in ZI, whose O-points 
are necessarily collinear since every line in 6 contains at least one O-point. Consider 
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the other planes through the O-line in 6. They have at least 12 points from %? each, 
whence J%‘nJ 2 16 + 4.12 = 64 > 63, a contradiction. ??
Lemma 7.2. Let %? be a [288,5,215]4 code. Then a; = 0 for all i # 48,49,64,65,68, 
69,70,72,73. 
Proof. We are going to prove that ai = 0 for i = 60,61,62,63 only. The rest follows 
by Lemma 2.1. 
Let II0 be a solid with 60, 61, 62 or 63 points of %’ and let 6 be a 16-plane in IIt,. 
Denote by IT;,i = l,..., 4, the other solids through 6. At least one of them, ZIt say, 
is a 73-solid. Denote by I the O-line in 6 and consider a projection (~1,~ from 1. By 
Lemma7.1, cp(no)isoftype(16,0,*,*,*)and(p(17,)isoftype(16,16,16,16,9)(cf. 
Theorem 3.3). Let X E cp(IIs),p(X) = 0 and Y E cp(Ii’l),p(Y) = 9. The line (X, Y) 
is forced to be of type (0,9,13,13,13) (counting). Choose a point 2 on (X, Y) with 
p(Z) = 13. Any line t c c through Z, t # (X, Y), has p(t) = 73. On the other hand, t 
has a point W with p(W) = 16. This is impossible since a 73-solid cannot contain a 
16- and a 13-solid simultaneously (cf. Corollary 3.4). 0 
Lemma 7.3. Let %F be a [288,5,215]4 code. Then a48 + a49 6 1. 
Proof. Assume there exist two solids, say Ii’, and II2, with at most 49 points of V 
each and let 012 = IIt n II2. By Lemma 2.1(b), (V0,2] d 7 and by Lemma 3.6(b), 
]V0,2 1 = 0,1,4 or 5. Taking into account that each solid through 012 has at most 64 
points off ~~12, we get that IV,,, 1 = 0 or 1. 
Fix a 13-plane crt3 in 171 and a 73-solid Zi’s through 013. Set (~23 = Ii’2 n l73. Since 
a 73-solid with a 13-plane cannot have a plane with fewer than 13 points of %?, we get 
that lVflz3 I = 13. Consider a O-line m in ~1~ and a projection (Pi,+ where z is a plane 
with m f’rc = 0. The lines (p(Ii’i),i = I,2 are of type (1,13,13,13,9), (0,13,13,13,9) or 
(1,13,13,13-s,8+e), where E = 0 or 1. The remaining points X E 7~\(cp(~1)Ucp(II2)) 
have all p(X) = 16 with possibly one point Y, for which p(Y) = 15. Now there is a 
line s c z of type (16,16,16,13,13), i.e. with p(s) = 74, a contradiction. 0 
Theorem 7.4. There is no [288,5,215]4 code. 
Proof. Suppose there is such a code w. By (2.1)-(2.3) one gets 
x(73 - i)(72 - i)ai = 2952. (7.1) 
Fix a 73-solid 270 and a plane 6 in IZs. For different choices of 6 consider the quadru- 
ples 
WrT, I> WI7I> I~n,I, I~r74I)> (7.2) 
where %‘n,, . . . , %?n, are the other solids through 6. 
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We investigate the quadruples (7.2) which give a maximum contribution to the left- 
hand side (LHS) of (7.1): 
- if 6 is a 19-plane the maximum contribution is 0; 
- if 6 is a 18-plane the maximum contribution is 20, obtained when (7.2) is 
(73,73,73,68); 
- if 6 is a 17-plane the maximum contribution is 72, obtained when (7.2) is 
(73,73,73,64); 
- if S is a 16-plane the maximum contribution is 84, obtained when (7.2) is 
(73,73,69,64); 
- if 6 is a 15-plane the maximum contribution is 128, obtained when (7.2) is 
(73,73,65,64); 
- if 6 is a 14-plane the maximum contribution is 150, obtained when (7.2) is 
(73,70,64,64); 
- if 6 is a 13-plane the maximum contribution is 600, obtained when (7.2) is 
(73,73,73,48); 
- if 6 is a 13-plane and there is no 48- or 49-solid then the maximum contribution 
is 184, obtained for (73,65,65,64); 
- if 6 is a 9-plane the maximum contribution is 712, obtained when (7.2) is 
(73,65,65,48). Now we get a contradiction for each spectrum (aHe) of a [73,4,54]4 
code (cf. Corollary 3.4). Hence a 73-solid must be of the type described in Corol- 
lary 3.4(f). This implies that there are no solids with 48, 49, 68, 69, 70 points of 
%? since a 73-solid of the type described in Corollary 3.4(f) does not have 13- or 
18-planes. Indeed, if there exists a solid ZI with 1%‘~ 1 = 48 or 49, then Ii’ con- 
tains a 13-plane and considering the solids through a fixed 13-plane in Il we get 
288 = IV] < (72 - 13). 4 +49 = 285, a contradiction. (Consider the solids through 
a fixed 18-plane in n when n is a solid with I%?n] = 68, 69 or 70.) Let no be a 
73-solid with a 9-plane 6. Counting the points in % on the solids Iii through 6 we 
get 
which completes the proof. 0 
8. The nonexistence of [291,5,217]4 codes 
Lemma 8.1. Let V be a [291,5,217]4 code. Then ai = 0 for all i # 55,67,68, 
. . ,74. 
Proof. The Lemma follows by Lemma 2.1 and the fact that a plane in a 74-solid has 
14, 15, 18 or 19 points of %?. An additional argument is needed to violate 63- and 
64-solids. Below we give a proof for a64 = 0; a63 = 0 is proved in a similar way. 
Assume a64 > 0 and let IIs be a 64-solid. Each plane in II, has at most 16 points 
from %‘. (If there is a 17-plane in 170, count the points on the solids through a 17-plane 
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of ZI, to get a contradiction.) A line in no has at most 4 points from ‘8. Then %?n, 
is Zi’o minus a plane. Let 6 be a l&plane in 170 and denote by ZIi, i = 1,2,3,4, the 
other solids through 6. Three of them, say lIi,IIz,IZs, are 73-solids and one, II4 say, 
is a 72-solid. There exists a O-line 2 in 6. Consider a projection cp from 1 onto some 
plane disjoint from 1. The line cp(fl~) is of type (16,16,16,16,0) and q(ZZi),i = 1,2,3, 
are of type (16,16,16,16,9). The set 
0’ = ((p(6)) u {XIX E cp(Ifi),i = 1,2,3,&f) = 9} 
is forced to be a (5,2)-arc, which is uniquely completed to an oval Co by a point Y E 
(~(17~). Let 2 E (p(U4),Z # (p(6), Y. Consider an external line m to 0 through 2. We 
have p(m) = 4 . 16 + p(Z) Q 73, whence p(Z) d 9. Now ,~((p(Ub)) = 
72 d 16 + 3 .9 + p(Y) and p(Y) 2 29, a contradiction. 0 
Lemma 8.2. Let V be a [291,5,217]4 code then 45 < 1. 
Proof. Assume there exist two solids IZh and nt with ]%‘n;I = IgH; 1 = 55. Let 6’ 
be a 15-plane in II; and denote by l71,. . . , ZI4 the other solids through 6’. Obviously, 
IVn, 1 = 74, i = 1,2,3,4. Let 1 = ni n 6’. Since I is a line in a 15-plane contained in 
a 74-solid, it is a 0-, 3- or 4-line. Note that IIj n ni are 14- or 15-planes (a plane in 
n; can have 14, 15, 18 or 19 points). 
The line 1 cannot be a O-line, for otherwise we would get 
i=l 
a contradiction. Assume 1 is a 4-line with a O-point P. Then there exist O-lines 
m’ c II; n Ill and m” c I$’ fl III containing P. Now the 74-solid ZIi contains two 
intersecting O-lines, m’ and m”, which is impossible (cf. the structure of an { 11,2; 3,4}- 
minihyper). 
Finally, assume that I is a 3-line and consider a projection cp from the O-point 
P E 6’ n Ii’:, not incident with the empty line of 8, onto some solid II,P $! Il. 
Obviously, ,~(cp(Z)) = 3 and cp(U:) consists of five lines through q(l), four of which 
are of type (3,4,4,3 +a,O), where E = 0 or 1 (Corollary 3.2). The number of points X 
on these four lines with p(X) = 4 cannot exceed 9, for otherwise we have 4 collinear 
points X with ,u(X) = 4 and, consequently, a 16-plane in II:, which is impossible. 
Now a simple counting gives that for the fifth line s E q(#) through q(Z) we have 
p(s) 2 55 - (9 . 4 + 3 . 3) = 10. In other words, 11 < ]%U;nntI > 10. Counting the 
number of points on the solids through Ii’; n Ii’{, we get that at least one of them is 
forced to be a 74-solid. This is impossible for a 74-solid does not contain a lo- or 
11-plane. ??
Theorem 8.3. There is no [291,5,217]4 code. 
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Proof. Suppose there is such a code V. By (2.1~(2.3) one gets 
c (74 - i)(73 - i)ai = 2962. (8.1) 
i 
Fix a 74-solid 27s and a plane 6 in 
ples 
IZo. For different choices of 6 consider the quadru- 
(8.2) 
where Iii are the other solids through 6. 
If 6 is a 19-plane (resp. 18-plane) then the maximum possible contribution of 
(8.2) to the LHS of (8.1) is 6 (resp.42), obtained when (8.2) is (74,74,74,71) (resp. 
(74,74,74,67)). If 6 is a 6-plane (resp. 7-plane) and there exists a 55-solid through 6 
we get that the maximal contribution to the LHS of (8.1) is obtained when (8.2) is 
(74,74,74,55) (resp. (74,74,70,55)) and is equal to 342 (resp. 354). If there is no 55- 
solid through 6 these maximal contributions are 104 (resp. 128) obtained when (8.2) 
is (74,69,67,67) (resp. (72,67,67,67)). 
A [74,4,55]4 code has two lCplanes, eight 15-planes, nineteen 18-planes and fiftysix 
19-planes. Estimating the LHS of (8.1) we get 
2962 < 1 .345 + 1 . 128 + 8. 104 + 19.42 + 56.6 = 2448, 
or 
2962 f 2 . 128 + 1 .342 + 7 . 104 + 19.42 + 56 .6 = 2460, 
which gives the desired contradiction. cl 
9. The nonexistence of [488,5,365]4 codes 
Lemma 9.1. There exist three (up to equivalence) [31,3,23]4 codes with spectra 
(a) uo = l,u~ = 5,~ = 15, aj = 0 for all i # 0,7,8; 
(b) a3 = a4 = 1,~ = 4,ag = 15, ai = 0 for all i # 3,4,7,8; 
(c)a4=2,a7=5,ag=14, Uj=OfOralli#4,7,8. 
Proof. Let $? be a [31,3,23&i code. Note that each line in PG(2,4) containing points 
from V is incident with at least three points from W; moreover, a line incident with 
a 2-point is a 7- or an S-line. Assume that there exist three noncollinear O-points. All 
other points on three lines defined by these three points are 0- or l-points. Hence 
12 < 9, which is impossible (31 = A1 + 212 d 9 + 2 .9 = 27). 
Let ils Z 3. Then 20 = 5 and the five O-points are collinear. In this case we get 
a code with Jr = l,& = 15 with spectrum (a). Now assume is = 1. Then 21 = 9, 
& = 11 and each line in PG(2,4) contains either 4, 7 or 8 points from V, whence the 
lines through the O-point consist of two 4-lines, one 7-line and two s-lines. So we get 
a unique code with spectrum (c). Similarly, we get a unique code with spectrum (b) 
in case of 2s = 2. Finally, assume 2s = 0. Then the set of 2-points forms a (11,3)-arc 
in PG(2,4), which is impossible by Theorem 2.2(b). 0 
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Lemma 9.2. There exists exactly one (up to equivalence) [ 123,4,92]4 code with spec- 
trum a15 = 2,a27 = $a31 = 78, ai = 0 for all i # 15,27,31. 
Proof. Let % be a [ 123,4,92]4 code. By Lemma 2.1 we have ai = 0 for i E { 1,. . . ,14, 
17,18,22,. . . , 26,28,29,30}. Since by Lemma 9.1 a 31-plane does not contain 5-lines, we 
get ai9 = a20 = ~721 = 0. Assume a0 > 0, i.e. a0 = 1. Then ai = 0 for all 1 < i < 30. 
Counting the number of points on the planes through a O-line, we get 123 = 3 1 . a, for 
some integer a, which is impossible. Hence aa = 0. 
Now assume ai6 > 0 and let 6 be a 16-plane. Then VS consists of the points of 6 
with a line deleted. Consider a 4-line 1 c 6. Denote by ci the number of i-planes through 
I different from 6. Then we get Cci = 4 and 123 = 31~31 +27~27+16ci6+15crs. This 
system does not have a solution in nonnegative integers, which proves that ai6 = 0. 
We have proved so far that each plane in PG(3,4) contains 15, 27 or 31 points 
from %‘. By (2.1)-(2.3) we get 6~27 + 120a 15 = 1612 -450 and a27 +4a15 = 13. Since 
A2 = 38+10 we have 6a27+12Oai5 > 158 and 6(a27+4a15)+96ais = 78+96a15 2 158, 
whence al5 > 0. Note also that a 27-plane cannot contain a O-line (otherwise we have 
at least eleven 2-points and hence an g-line on the 27-plane). 
Assume that rrc is a 15-plane. Then it contains a O-line, I say. Three of the other 
four planes through I (say 7q,rr3,714) are 31-planes and one (say ~1) is a 15-plane. 
Since two 15-planes intersect necessarily in a O-line, we have aI5 = 2, whence a27 = 5, 
a31 = 78 and 12 = 45,111 = 33,& = 7. In order to see that there is exactly one code 
with this spectrum, note that the l-points on 712,rc3,714 and the O-points on q,zi off I 
are collinear. 0 
Theorem 9.3. There is FZO [488,5,365]4 code. 
Proof. Assume V is a [488,5,365]4 code. Let z be an i-solid and let 6 be a t- 
plane in 7~. Suppose i = 104 + e, 0 < < 3. Then we have t < 27. Hence %?n is a 
[104+e,4, d 3 77 +e]d code, which is known not to exist. Hence ai04 = ai05 = ai06 = 
a107 = 0. 
Nextly suppose i = 104 + 4s + e, 0 6 e d 3, 1 6 s < 3. Then for any 123-solid z’, 
z n 7~’ is a 15-plane or 27-plane. If there exists a (27 + s)-plane in 7c, counting the 
points on the solids through this plane we get 
488 < (122 - 27 - s) .4 + 104 + 4s + e < 487, 
a contradiction. Hence %‘z is a [ 104 + 4s + e, 4, d 3 78 + 3s -t e]4 code which is known 
not to exist. Hence ai = 0 for 104 d i < 119. 
Now let 72 be a 123-solid and let 6 be a 27-plane in 7~. Then any other w-solid 
through 6 satisfies w > 104 and hence w 2 120. It follows that 
488 > (120 - 27) ’ 4 + 123 = 495, 
a contradiction. This completes the proof of the theorem. 0 
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Table 1. Values and bounds for nd(S,d) 
d g4(5>d) M&d) d g4(5 d) n4(5, d) d %(%d) n4(5, d) 
1 5 5 57 78 79-81 113 153 154-155 
2 6 6 58 79 8G82 114 154 155-156 
3 I 8 59 80 81-83 115 155 15G157 
4 8 9 60 81 82-84 116 156 157-158 
5 10 10 61 83 84-85 117 158 159-160 
6 11 11 62 84 85-86 118 159 160-161 
I 12 13 63 85 8687 119 160 161-162 
8 13 14 64 86 88 120 161 162-163 
9 15 16 65 90 90-91 121 163 164 
10 16 17 66 91 91-92 122 164 165 
11 17 19 61 92 92-93 123 165 166-167 
12 18 20 68 93 93-94 124 166 167-168 
13 20 21 69 95 95-96 125 168 169 
14 21 22 70 96 96-97 126 169 170 
15 22 23 71 97 97-99 127 170 171 
16 23 24 12 98 98-100 128 171 172 
17 26 2627 73 100 100-102 129 175 175-176 
18 21 27-28 74 101 101-103 130 176 176-177 
19 28 29 75 102 102-104 131 177 177-178 
20 29 30 76 103 104-105 132 178 178-179 
21 31 31-32 77 105 106 133 180 18&181 
22 32 33 78 106 107 134 181 181-182 
23 33 34-35 79 107 108 135 182 182-183 
24 34 35-36 80 108 109 136 183 183-184 
25 36 37 81 111 111-112 137 185 185-186 
26 37 38 82 112 112-113 138 186 186-187 
27 38 39 83 113 113-114 139 187 187-188 
28 39 40 84 114 114115 140 188 189 
29 41 42 85 116 116-117 141 190 191-192 
30 42 43 86 117 117-118 142 191 192-193 
31 43 44-45 87 118 118-119 143 192 193-194 
32 44 46 88 119 119-120 144 193 194-195 
33 47 4748 89 121 122-123 145 196 197 
34 48 48-49 90 122 123-124 146 197 198 
35 49 50 91 123 124-125 147 198 199 
36 50 51 92 124 125-126 148 199 200 
31 52 53-54 93 126 127-128 149 201 202 
38 53 54-55 94 127 128-129 150 202 203 
39 54 55-56 95 128 129-130 151 203 204 
40 55 5657 96 129 130-131 152 204 205 
41 57 58-59 97 132 133-134 153 206 207-208 
42 58 59-60 98 133 13&135 154 207 208-209 
43 59 60-61 99 134 135-136 155 288 209-210 
44 60 61-62 100 135 136-137 156 209 210-211 
45 62 63-64 101 137 138 157 211 212-213 
46 63 64-65 102 138 139-140 158 212 213-214 
41 64 65-66 103 139 140-141 159 213 214-215 
48 65 66-67 104 140 141-142 160 214 215-216 
49 68 69-70 105 142 143-144 161 217 218 
50 69 7&71 106 143 144-145 162 218 219 
51 70 11-72 107 144 145-146 163 219 220-22 1 
52 71 72-73 108 145 146-147 164 220 22 l-222 
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Table 1. Continued. 
d g4(5> d) n4(5,d) d &5, d) n4(5,d) d g4(5,d) n4(5,d) 
53 73 74 
54 74 75 
55 75 76 
56 76 77 
169 227 228-229 
170 228 229-230 
171 229 230-23 1 
172 230 231-232 
173 232 233-234 
174 233 234-235 
175 234 235-236 
176 235 236-237 
177 238 238-239 
178 239 240 
179 240 241 
180 241 242 
181 243 244 
182 244 245 
183 245 246 
184 246 247 
185 248 249 
186 249 250 
187 250 251 
188 251 252 
193 260 260 
194 261 261 
195 262 262 
196 263 263 
197 265 265 
198 266 266 
199 267 267 
200 268 268 
201 270 270 
202 271 271 
203 272 272 
204 273 273 
205 275 276 
206 276 277 
207 277 278 
208 278 279 
209 281 281 
210 282 282 
211 283 283 
212 284 284 
213 286 286 
214 287 287 
215 288 289 
216 289 290 
217 291 292 
218 292 293 
109 147 148-149 165 222 223-224 
110 148 149-150 166 223 224-225 
111 149 150-151 167 224 225-226 
112 150 151-152 168 225 226-227 
257 346 346 313 419 420-42 1 
258 347 347 314 420 421422 
259 348 348-349 315 421 422423 
260 349 349-350 316 422 423424 
261 351 351 317 424 425426 
262 352 352 318 425 426427 
263 353 353-354 319 426 427-428 
264 354 354-355 320 427 428429 
265 356 356-357 321 431 43 1432 
266 357 357-358 322 432 432433 
267 358 358-360 323 433 433434 
268 359 359-361 324 434 434-435 
269 361 361-362 325 436 436437 
270 362 362-363 326 437 437-438 
271 363 363-364 327 438 438439 
272 364 364-365 328 439 439-440 
273 367 367-368 329 441 441442 
274 368 368-369 330 442 442443 
275 369 369-370 331 443 443444 
276 370 370-371 332 444 444445 
277 372 372-373 333 446 446-447 
278 373 373-374 334 447 447448 
279 374 374-375 335 448 448449 
280 375 375-376 336 449 449450 
281 377 377-378 337 452 452453 
282 378 378-379 338 453 453454 
283 379 379-380 339 454 454-455 
284 380 380-381 340 455 455456 
285 382 382-383 341 457 457458 
286 383 383-384 342 458 458459 
287 384 384-386 343 459 459460 
288 385 385-387 344 460 460-46 1 
289 388 388-389 345 462 462464 
290 389 389-390 346 463 463465 
291 390 390-391 347 464 464-466 
292 391 391-392 348 465 465467 
293 393 393-394 349 467 467469 
294 394 394-395 350 468 468470 
295 395 395-396 351 469 469-471 
296 396 396397 352 470 470-472 
297 398 398-400 353 473 473474 
298 399 399-401 354 474 474475 
299 400 400-402 355 475 475476 
300 401 401-403 356 476 476-478 
301 403 403-405 357 478 478479 
302 404 404-406 358 479 479-480 
303 405 405-407 359 480 480-48 1 
304 406 406-408 360 481 481483 
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Table 1. Continued. 
161 
d &5,d) n4(5,d) d g4(5,d) w(5,d) d g4(5>d) n4(5,d) 
219 293 294 305 409 410 361 483 483485 
220 294 295 306 410 411 362 484 484486 
221 296 297 307 411 412 363 485 485487 
222 291 298 308 412 413 364 486 486488 
223 298 299 309 414 415 365 488 489 
224 299 300 310 415 416 366 489 490 
311 416 417 367 490 491 
312 417 418 368 491 492 
Appendix A. Updated table of the values of gd(5, d) and 45, d) 
We give an updated table (Table 1) of the values of nd(5,d) for 1 < d d 368 below 
which is mainly based on [ 1,2,8,9,16,17] and Theorem 1.1. See [2] for more bibliogra- 
phies. Note that the Griesmer bound is attained for 189 < d < 192, 225 < d < 256, 
d > 369 and that the nonexistence of [g4(5,d), 5,d]4 codes for 305 < d < 320 is 
straightforward from n4(4,77 + i) = 105 + i for 0 < i < 3. 
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